Abstract. We give a multimensional version of the p-adic heat equation, and show that its fundamental solution is the transition density of a Markov process.
Introduction
In recent years p−adic analysis has received a lot of attention due to its applications in mathematical physics, see e.g. [1] , [2] , [4] , [5] , [11] , [12] , [13] , [16] , [19] and references therein. One motivation comes from statistical physics, in particular in connection with models describing relaxation in glasses, macromolecules, and proteins. It has been proposed that the non exponential nature of those relaxations is a consequence of a hierarchical structure of the state space which can in turn be put in connection with p−adic structures ( [4] , [5] , [16] ). In [4] was demostrated that the p-adic analysis is a natural basis for the construction of a wide variety of models of ultrametric diffusion constrained by hierarchical energy landscapes. To each of these models is associated a stochastic equation (the master equation). In several cases this equation is a p-adic parabolic equation of type:
∂u(x,t) ∂t + a(Au)(x, t) = f (x, t), x ∈ Q n p , t ∈ (0, T ], u(x, 0) = ϕ(x),
where a is a positive constant, A is pseudo-differential operator, and Q p is the field of p-adic numbers. The simplest case occurs when n = 1 and A is the Vladimirov operator: (D α ϕ) (x) = F −1 ξ→x |ξ| α p F x→ξ ϕ(x) , α > 0, where F is the Fourier transform. The fundamental solution of (1.1) is density transition of a time-and space-homogeneous Markov process, that is consider the p−adic counterpart of the Brownian motion (see [13] , [19] ).
It is relevant to mention that in the case n = 1, the fundamental solution of (1.1) when A = D α (also called the p−adic heat kernel) has been studied extensively, see e.g. [6] , [8] , [9] , [10] , [13] , [19] .
A natural problem is to study the initial value problem (1.1) in the n-dimensional case. Recently, the second author considered Cauchy's problem (1.1) when (Aϕ) (x) = F −1 ξ→x |f (ξ)| α p F x→ξ ϕ(x) , α > 0, here f (ξ) is an elliptic homogeneous polynomial in n variables, and the datum ϕ is a locally constant and integrable function. Under these hypotheses it was established the existence of a unique solution to Cauchy's problem (1.1). In addition, the fundamental solution is a transition density of a Markov process with space state Q n p (see [20] ). In this paper we study Cauchy's problem (1.1) when A is the Taibleson pseudodifferential operator which is defined as follows:
Recently Albeverio, Khrennikov, and Shelkovich studied D β T in the context of the Lizorkin spaces [3] .
We prove existence and uniqueness of the Cauchy problem (1.1-1.2) in spaces of increasing functions introduced by Kochubei in [14] , see Theorem 1. We also associate a Markov processes to equation the fundamental solution (see Theorem 2). These results constitute an extension of the corresponding results in [13] , [19] .
We want to mention here a relevant comment due to the referee. There exists a procedure, developed in [13] for elliptic equations, of reducing multi-dimensional problems over Q p to one-dimensional problems over appropriate field extensions. In particular, the Taibleson operator is connected with the unramified extension of Q p of degree n (see Lemma 2.1 in [13] ). The fundamental solutions corresponding to the multi-dimensional Cauchy problem and the problem over the unramified extension should be obtained from each other, up to a linear change of variables, as in the formula (2.38) of [13] for the elliptic case. Then many properties of the fundamental solution would follow directly from those known in the one-dimensional case. In this paper we use an elementary and independent method that has its obvious advantages.
Let us explain the connection between the results of this paper and those of [20] . There are infinitely many homogeneous polynomial functions satisfying
here d denotes degree of f (c.f. . Hence the pseudo-differential operators considered here are a subclass of the ones considered in [20] . However, the function spaces for the solutions and initial data are completely different. In this paper the initial datum and the solution to Cauchy problem (1.1-1.2) are not necessarily bounded, neither integrable, but in [20] are.
Finally, our results can be extended to operators of the form
α > 1, 0 < α 1 < . . . < α n < α, where the a k (x, t) ,and b(x, t) are bounded continuous functions, using the techniques presented in [13] - [15] . These results will appear later elsewhere. The authors wish to thank the referee for the relevant comment mentioned above.
Preliminary Results
As general reference for p-adic analysis we refer the reader to [17] and [19] . The field of p-adic numbers Q p is defined as the completion of the field of rational numbers Q with respect to the non-Archimedean p-adic norm | · | p which is defined as follows:
b with a, b integers coprime to p, then |x| p = p −γ . The integer γ = γ (x) is called the p-adic order of x, and it will be denoted as ord (x). We use the same symbol, | · | p , for the p-adic norm on Q p . We extend the p-adic norm to Q n p as follows:
Note that x p = p − min 1≤i≤n {ord(xi)} . Any p-adic number x = 0 has a unique expansion of the form
where γ = ord (x) ∈ Z, and x j ∈ {0, 1, . . . , p − 1}. By using the above expansion, we define the fractional part of x ∈ Q p , denoted as {x} p , as the following rational number:
Denote by B n γ (a) = x ∈ Q n p | x − a p ≤ p γ , the ball of radius p γ with center at a = (a 1 , . . . , a n ) ∈ Q n p , and
is the one-dimensional ball of radius p γ with center at a j ∈ Q p . The Ball B n 0 equals the product of n copies of B 0 (0) = Z p , the ring of p-adic integers.
Let d n x denote the Haar measure on Q n p normalized by the condition B n
it is locally constant with compact support. The C-vector space of the SchwartzBruhat functions is denoted by 
This function is called the p-adic Gamma function. The function
is called the multi-dimensional Riesz Kernel ; it determines a distribution on S(Q n p ) as follows. If α = 0, n, and ϕ ∈ S(Q n p ), then
In the case α = 0, by passing to the limit in (2.1), we obtain
i.e., k 0 (x) = δ (x), the Dirac delta function, and therefore k α ∈ S ′ (Q n p ), for R\ {n}. It follows from (2.1) that for α > 0,
As a consequence of the previous lemma and (2.2), we have
3)
The right-hand side of (2.3) makes sense for a wider class of functions, for example, for locally constant functions ϕ(x) satisfying
The p-adic Heat Equation and the Taibleson Operator
In this paper we consider the following Cauchy problem:
where a > 0, α > 0 and D α T is the Taibleson operator. In this section we show that (3.1) is a multi-dimensional analog of the p-adic heat equation introduced in [19] .
3.1. The Fundamental Solution. The fundamental solution for the Cauchy problem (3.1) is defined as
Lemma 2. The fundamental solution has the following properties:
Proof. 1) By expanding Z(x, t) as
and applying
, we obtain
Note that by the previous expansion Z(x, t) is a real-valued function.
2) By using the Taylor expansion of e x in (3.3), and exchanging the order of summation, and sum the geometric progression, we find that
, for x = 0.
3) Let Ω l (x) denote the characteristic function of the ball B n −l (0). Then F Ω l = p −nl Ω −l . The last part follows from this observation by means of the following calculation:
On the other hand, if ||x|| p ≥ t 1/α , by applying Lemma 2 (2), we have
The result follows from (3.5-3.6) as follows. If ||x|| p ≥ t 1/α , by (3.6),
If ||x|| p < t 1/α , by (3.5),
Inequality (3.4) shows in particular that the function Z (x, t) belongs, with re-
3.2. The Spaces M λ and Pseudo-differentiability of the Fundamental Solution. 
Proof. By Corollary (1) and Lemmas 2 (part 3) and 3 we have
Let η be the exponent of locally constancy of ϕ. Since ϕ ∈ M λ , λ < α, we can re-write I (x, t) as follows:
Now, since α > 0, and t > 0,
and since λ < α,
For further reference we summarize the properties of the fundamental solution in the following proposition.
Proposition 1. The fundamental solution has the following properties:
Proof. (1), (2), and (3) are already established (c.f. Lemma 2-part (3), Corollary 1, and Lemma 4). The last assertion is proved as follows: since e
Proposition 2. If b > 0, 0 ≤ λ < α, and x ∈ Q n p , then
where the constant C does not depend on b, x.
Proof. Let m be an integer such that
where
The results follows from the following estimations:
Indeed, from the claims we have I(1, y) ≤ C 3 (1 + ||y|| λ p ), and by (3.9),
We now prove the announced claims. Proof of Claim A.
We set
and for I non-empty subset of {1, 2, . . . , n},
With this notation we have
here |I| denotes the cardinality of I, then
and
Proof of Claim C.
for all x ∈ Q n p . Proof. The proof is a slightly variation of the proof of Proposition 2.3 in [13] .
Proof. By Lemma 2 (2), Z(x − y, t) = Z(x, t), for ||y|| < ||x||. Then we can use (2.3) to calculate(D γ T Z)(x, t):
We now use Lemma 3 to obtain
This shows that (D γ T Z)(x, t) exists. We now compute this function explicitly. We set
Then Z (m) (x, t) is bounded and locally constant as function of x, the exponent of local constancy is m. From these observations by using Lemma 2 (2), and (2.3) we calculate (D γ T Z)(x, t) as follows:
Note that if ||y|| p ≤ p −m , then Ψ(−y · η) = 1 for all η such that ||η|| p ≤ p m , using this observation and Lemma (5) 
By the dominated convergence theorem and ( 3.11) we have
Proof. The first part follows by applying the dominated convergence theorem. The second part follows from the first one by Lemma 6.
Proof. The proof uses the same reasonings as the one given in the proof of Lemma 3.
Corollary 2.
The Cauchy Problem for the multidimensional p-adic Heat Equation.
with a > 0, α > 0, has a continuous solution in M λ given by
The proof of the theorem will be accomplished through the following lemmas. We set
Lemma 9. u(x, t) ∈ M λ uniformly with respect to t, and u(x, t) satisfies the initial conditions of Theorem 1.
Proof. We first show that u 1 (x, t) ∈ M λ uniformly with respect to t. Since ϕ is locally constant, there exist l ∈ N such that ϕ(ξ + y) = ϕ(ξ) for any y p ≤ p −l . By changing variables y − ξ = −η in u 1 (x, t) we that u 1 (x, t) is locally constant. Now using Lemma 3 and Proposition 2 we have |u 1 (x, t)| ≤ C (1 + x ) λ , and thus u 1 (x, t) ∈ M λ uniformly with respect to t.
By a similar reasoning one shows that u 2 (x, t) is locally constant in x, and that |u 2 (x, t)| ≤ CT (1 + x ) λ . Therefore u(x, t) = u 1 (x, t) + u 2 (x, t) ∈ M λ uniformly with respect to t.
We now show that lim t→0 + u(x, t) = ϕ(x): by Lemma 4, lim t→0 + u 1 (x, t) = ϕ(x), and lim t→0 + u 2 (x, t) = 0, since |u 2 (x, t)| ≤ Ct (1 + x ) λ , t ≤ T .
We now compute the partial derivatives of u 1 (x, t), u 2 (x, t) with respect to t.
Lemma 10. has the semigroup property. We know that Z (x, t) > 0 and Θ (t) preserves the function f (x) ≡ 1 (cf. Proposition 1). Thus Θ (t) is a Markov semigroup. The requiring properties of the corresponding Markov process follow from Proposition 1 and general theorems of the theory of Markov processes [7] , see also [19, Section XVI] .
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